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Analysis of’ Intermodulation Noise in Frequencj(
Converters by Volterra Series

RICHARD ~. SWERIXIIW, MEMBER, IEEE

Abstract-Frequency converters produce intersnodufation noise in the

desired signal band which may be a serious problem for communications

systenw using amplftode mwkdatfon. Irs tfds paper, we introduce the

Vokerrs series witk time-varying kernels to treat intermodrdation in

frequency converters with one two-terminal nonlinearity. The method gives

exact results up to the order calculated (tfdrd order here) for any noflm-

earfty expressible as a pwer series, wiff treat frequency depersdenee in the

norsfinearity as wefl as the terminations, and leads to a convenient algo-

rithm for computer cafcufation. Tbe mathematics provides a physicaf

picture of intermodolation of a s~ific order as behrg produced by the

modulation of lower order products through the nordfnearity. In f- the

solution for a given order of bstersnodulation torrents or charges is the

solution of a set of ffnear equations where the driving fonetions are

interrnodulation currents of lower order.

A program has been mitten for the specific but important case of an

abrupt jursction vsractor upconverter. Results for MS upeonverter that

@#t be used for single-sideband operation hs the common carrier micro-
wave band show that the largest contribution to intermodrdation comes

from currents which are at the sum and difference frequencies of the input

(IF) sig@ corresponding to currents above the input port frs freqnency

and eorrents in the bbm circnitry.

Tfds paper docoments previously unpublished work (1972) done as part

of the exploratory study of siagfe-sidebsrsd modulation on long-laud micro-

wave radio traosmiwdon.

I. INTRODUCTION

T LEAST four distinct procedures have been used toA calculate the intermodulation distortion of upcon-

verters. Anderson and Leon [1] computed bounds on the

intermodulation distortion by an approximate solution to

the integral equation describing the converter. Perlow and

Perlman [2] related gain compression of a single tone to

the magnitudes of distortion products from two tones.

Schwarz and Nelson [3] assumed current flow at input,

output, pump, and bias circuitry and solved for the inter-

modulation by substituting into a power series for the

diode nonlinearity. Gardiner and Ghobrial [4] express the

charge as a series in auxiliary functions which can be
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found from a set of first-order differential equations. Rice

[5] has related this procedure to solution by the Volterm

series.

In the present method, the solution is found as a time-

varying Volterra series [6]. The first term of the series

leads to the linear theory of frequency converters similar

to that of Penfield and Rafuse [7]. Thus the formulae and

computer algorithms found here are applicable to all types

of frequency converters: upconverters to upper and lower

sidebands, upconverters with idlers, the equivalent down-

converters and parametric amplifiers. The basic limitation

is to two-terminal nonlinearities. Formulae developed here

are valid for a nonlinear resistance and capacitance in

series or the dual situation of parallel nonlinear conduc-

tance and inductance. Any linear time-invariant termina-

tion is permitted at any frequency where currents may

flow; indeed, an important conclusion is that for an

upconverter suitable for heterodyne repeaters in the f5-

GHz common-carrier band, currents at the sum and dif-

ference frequencies of the IF are the substantial contribu-

tors to third-order intermodulation distortion at the out-

put. No attempt is made to find analytic solutions to the

intermodulation. A strength of the analysis is that it

results in an algorithm well-suited to computer calcula-

tion; namely, sets of linear equations. The Volterra

kernels found permit calculation of gain compression,

intermodulation due to multitone inputs, and noise input s,.

II. CIRCUIT TO BE STUDIED

Fig. 1 is a schematic represerttation of an upconverter

using a diode as the nonlinearity. The nonlinearity is two

terminal and this analysis is restricted to this case; more

than one independent current flowing through nonlineari-

ties would require a multidimensional Volterra series.
Thevinen’s and Norton’s theorems were used to lump the

linear portion of the circuit, which includes the bias,

pump, output, etc., into the two-terminal impedance as
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Fig. 1. Equivalent circuit for converter.

seen by the diode. As long as all the pump current flows

in the diode, the pump source and diode may be replaced

by a time-varying nonlinear element as shown. The pump

need not be large compared to the signal current to make

this substitution, but if the current at the pump frequency

produced by the signal becomes a substantial portion of

the pump current, then the accuracy of this replacement

suffers accordingly. The formulae in Section IV permit

calculation of the pump current due to the signal. In

Appendix I, the power series for the varactor as a time-

varying element is developed as

where

k=O

b[(t)= ~ b[k COSkaot

(2-2)

(2-3)
k=O

where UP is the pump radian frequency, alk, blk are Fourier

coefficients for the nonlinear resistance and capacitance,

respectively.

111. SOLUTION FORM FOR q(t)

q(t) will be solved in terms of e(t) using the Volterra

series [6], which permits specifications of the terminations

in terms of their frequency response H (oJ). Different

forms of H (LO) may be chosen for each termination, in

analytic or tabular form. The expansion for q(t) is

q(t)= ~f gl(l; ~l)e(~,) dT1
—w

.e(~3) d~l dr2 dr3+ . . .

b’n(~;~l>~2,” “ “ Tn)=o, for Ti > t, all i

(3-1)

(3-2)

where gl (t; ~) is the time-varying system function of

Zadeh [8], and g2, g~ are extensions of his formulation for

the higher order terms. The solution is obtained in terms

of the transforms of these kernels. For the nth-order

kernel

=G(t; al, ti2, ””” @ej(m1+a2+ +f,Jn)f (3-3)

which reduces to Zadeh’s definition of the time-varying

system function G (t; ~), for n = 1. Since we are dealing

with a periodically time-varying network, we may expand

G in a Fourier series

G(t; ti,,02,. “ “ c%)= s Gn (u,, CD2,.. . tim)dn+. (3-4)
B=—’x

The G. are the Fourier coefficients of the time-varying

system function G (t;q,”” oam),which is itself the trans-

form of g~ (t; u,, o . 0 tin). Since all the kernels

gm(t;q>%” “ . tiJ are real, we can readily establish the

convenient relationship

where the asterisk refers to complex conjugate. Although

not explicitly shown, the G. are also functions of nap.

The solution will be obtained in terms of these

G~(til, u2, ” “ . COJ and they have a convenient operational

meaning for the upconverter. For example, for a trans-

formed voltage excitation E(o), the transform of the

third-order intermodulation charge is, excluding harmon-

ics of the pump frequency,

Q (LJ,,@2,L+)= i G (q,~2,4
~=—1

“~@p’~(@E(L4r2)~(LIJJ (3-6)

so that Gl(al, a2, q) is a transconductance relating a volt-

age excitation at the input port to a third-order intermod-

ulation charge at the upper sideband. Go(til, a2, ti3) gives

the reflected intermodulation charge at the input and

GI ~(til, ti2, @ refers to the lower sideband. The first-

order terms develop the linear behavior of the converter.

For example, the power gain is

pout ~21j(~p+LO)G,(U)12Re [ H(tip +ti)] /2
g=—=

Pin E2 Re [ j~GO(ti) ] /2

(3-7)

where g is the power gain, pout, pin, the power dissipated in

the output and input, respectively, and H (LO)the terminat-

ion impedance at Q. The ja terms convert the charges to

currents. The linear theory is close to that of Penfield and

Rafuse. For example, see Section 5.2 of [7].

IV. GENERAL SOLUTION FOR THE TWO-TERMINAL

FREQUENCY CHANGER

Kirchoff’s voltage law for the circuit of Fig. 1 reads

e(t)=~w h(t–a)~(a) da+ ~ a{(t)cj~(t)
—w [=1

+ ~ b[(t)ql(t) (4-1)
[=1
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where the coefficients al and bl were introduced earlier

and are related to diode characteristics in Appendix I, and

the dot over q(t) refers to time differentiation. We can

solve this equation using Flake’s procedure, that is, insert

the expression for q(t) in (3-1) into (4-l), expand and

equate functional while retaining functional to the third

order.

We need the time derivative of q(t) expressed as the

functional series in (3-1) to do this. Because of the causal-

ity condition (3-2) on the kernels of the series, additional

terms will appear for the boundary conditions. For exam-

ple, the derivative of the second-order kernel will be

+ e(f)~f g2(t; f,~2)e(r2) dr2. (4-2)
—cc

We can avoid the explicit appearance of these boundary

terms by allowing the derivative of the kernal to contain

impulses. Thus the expansion of (4-2) would contain only

the first term; but i3g2(t; Tl, T2)/il t might contain terms

such as g2(t; t,T2)8(t– Tl).This permits us to extend the

limits of integration over all time. The causality of the

kernels will be assured by the nature of the solution. As

we will see, the first-order kernels will be determined by

equations linear in h(t), the impulse response of the linear

circuit elements. Thus the first-order kernels must be

causal since h(t) is. The second-order kernels are found

from equations linear in h, and driven by combinations of

first-order kernels. Thus the second-order kernels are

causal. In the same way, all higher order kernels will be

causal. Therefore, all integrals will be over all time unless

otherwise noted. The equations found by Flake’s proce-

dure are

for functional
1

e(~l) drl:

(4-3b)

fd~h(t-~)+g,(~;~,,~z,~,)
+al(r): g3(c~17~27~3)

+bl(~)g3(c~l,~2,~J

+2a2(t)$ gl(t;~l)~ g2(~;~2t73)

+ a3(t)$ g3(~;~l>~2>r3)

+2b2(t) gl(t; ~Jg2(t; r2, r3)

+b3(f)g3(t; rl, ~z,~3)=0. (4-3C)

To obtain the transforms we multiply (4-3a) by d“’’” and
integrate over ~1, use the definition of the transform of the

time-varying kernel in (3-3), and its expansion in (3-4).

The transforms are obtained similarly for (4-3b) and.

(4-3c), using

e~c”l’] + %T2) and eJ(@,7)+ QITZ+ QSTJ

respectively. The final equations are (all sums – cc to co):

~ G. (al)e~n”pj(nti, +@l)H(til -1-nti,)
n

-t- ~ ~ G. (O+)CX(i, n)e~[i+ “)’”,’= 1 (4-4:1)
in

~ Gn ((4,02)e’n@
n

@’.k+(~l+~ 2)]m’%+@2)+wPl

+ ~ ~ G. (u,, U2)LX(i, n)e~(i+~)~~~
in

= - ~ ~ ~ G. (4G~ (u2)

.~(k,m,l)ej(k+’+m)~,’ (4-413)

~ G. ((Jl, ti2,(.03)#QP’
n

j[~@p+(~I +~2+u3)]H[(@l +@2+03)+n@~]

.y(k, m,l,p)eJ(rn+l+p +k)o’f

where

j(al + n~~)al(t)+bl(t)=j(~l + ‘@p)alO+ b10

(4-4C)
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Sgn (x)= + 1,, X>()

. – 1, X<o

-(0, + mup)(ti,+ LJ,)a,(i) + ~,(~)

= – (~1 + m0P)(02+ Zti,)azo+ bzo

1..+y(q+ $ &“w

= 5 P (m,l, i)e’’%’. (4-5b)
i=—cc

b 11

2
jc@I(til)+blo

b
o

+

(In (4-4c) al here is replaced by q +U2, Uz by ti~.)

= –j(til + WI(.JP)((.02 + k4(Q3 +PqJz30 + ho

= 5 y(m,l,p, i)ej’~~’. (4-5C)

The difference in coefficients for a(t) and b(t) is that a

is taken as a sine series and b as a cosine series because

they will be in quadrature during pumping. The b

coefficients are related to the static properties of the

varactor diodes in Appendix I.

The only restrictions on this solution are that the non-

linearity be two terminal and the general requirements for

a Volterra solution be satisfied. Thus up or down conver-
sion and any linear system function and diode characteris-

tic are allowed.

V, SOLWTION TO ABRUPT JUNCTION

FOUR-FREQUENCY UPCONVERTER

Because of its practical importance and analytic sim-

plicity, we will continue the analysis with an upconverter

using a single abrupt junction varactor. All frequencies

below the second harmonic of the pump for which con-

duction is possible will be considered.

For the abrupt junction case, the results of Appendix I

show all by beyond bzo to be zero. Thus

y (i, m, l,p) = O, all indices. (5-la)

The only nonzero coefficients of (4-5) are

a(O, n) = blo, the elastance under pumped
conditions

b
a(l, rl)=~,

2
the conversion elastance

~(0, m,l)= –b20, coefficient of nonlinearity.

A. First-Order Equation

We will write out (4-4a). Only conduction below the

second harmonic of the pump will be considered; so all

G., for which n >2, are zero. Thus we need write equa-

tions only for e’tipt, e’o~= 1, and e ‘J’+t. Expressing these

in matrix form,

o

b 11

2

j(~l –tiP)H(til –tiP)+blo

G, (o,)

Go(q)

G_,(q)

o

. 1

0

J

o

1.Z((q)G(@= 1 .

0

(5-lb)

The zeros in the matrix normally are filled by coefficients

of second-order capacitance variations for other than an

abrupt junction varactor; this situation is discussed by

Korpel and Ramaswamy [9]. bl,, the conversion elastance,

is 2 S1 in the nomenclature of [7]. If the lower sideband

does not conduct, then H(al –@~co, G_ ~(til) =0=

G?( – al). The selection of q is arbitrary; if it is selected

to be above the pump, G_ ,(uJ describes downconversion

and subsequent results for second- and third-order dis-

tortion are for downconversion.

B. Second-Order Terms

Equation (4-4b) will yield three equations for the

harmonics #Pf, 1, and e ‘@p’ corresponding to n =1, O,

– 1, just as for the first-order case, The matrix equation is

now

Z(UI +(.02) G((J1,4= Yz (5-2)

(5-3)

These equations demonstrate clearly how intermodulation

of a given order may be viewed as being produced by

intermodulation of charges of lower order through the

diode nonlinearity, as suggested by Gardiner and

Ghobrial. Thus if two tones are imagined at the input port

at frequencies QI and a2, then (5-3) shows that intermod-

ulation at the pump (n= 1) is produced by fundamentals
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from the input GO(til) and the output G1(u2). The

frequency of the product will be at aP + til + ti2. Depend-

ing on the signs of q and 02, Gl(al, ti2) may represent

second-order tones about the pump aP + (u ~– ti2), above

the upper sideband ~P + (al + ti2), or below the lower

sideband tiP – (ol + tiJ. A similar description holds for

GO(til, Oz). In this case, intermodulation current will flow

in the bias circuitry at q – ~2. In the limit as \til \ and lti21

approach each other, the terms in (5-3) for n = O represent

static charge on the diode due to rectification of the signal

charges.

C. Third-Order Terms

Equation (4-4c) yields

Z(C+ +a2+(.03)G(Lj, LJ2,(J3)= Y3 (5-4)

where

Y3= –2b20 I
G_l (01, Q2)IG1(L+)+ Go(q, ti2)Go (@3)

+ G1(L+, q)G_l (c+)

G_l (Q+,Q2)GO((+)+ Go((.01,u2)G_1 ((.+)
1“

(5-5)

radian frequencies of the tones, and t9A, 13~, 13c

arbitrary phases. The excitation in the frequency

will be E (O1)E (U2)E (L@, where, for example,

31J9

are the

domain

wl)=~[f %-%)+%+%)+wv’%)

+ ~(til +ti~)+a (ul –tic)+ 8 (Q, +L@] (6-3)

where the phases have been dropped for clarity. Tlhe
third-order current found from the in-band terms ctf

Gl(til, ti2, ti3)13 (til)ll (02)E (ti3) is

E3 .
i3(t)=~l~(tiP+0~ —ti~ +C+)G1 (~~, ‘@B, Uc )1

. cos [(ti@~+@+@@,c]

+like forms in UA, UC, —o~; —u~, tiA, uc;

‘~B,~c,~*;Oc,O*, ‘ti~;ac, ‘aB,6-A (6-4)

where +A, _ ~ c is the angle of G1(aA, —@B,tic), and

z= A,B, C

This shows that only second-order charges produce third-

order intermodulation in an abrupt junction converter; no

terms such as Gl(@ G_ ,(ti2) GO(@ are present. This ex-

plains the importance of terminations for second-order

charges in reducing third-order intermodulation in

frequency converters of this type.

VI. THREE-TONE INPUT

A common test of intermodulation is to excite the

device under test with three in-band tones at frequencies

UA, u~,, and Uc, and measure the third-order in-band tone

at tiA – OB + ~c, the largest of in-band third-order tones.

For a converter, this tone is at tiP + tiA – u~ + tic. A useful

measure of third-order distortion, called the third-order

intermodulation coefficient [ 10], is defined as

M.3eq=PA_B+C-(P~+l’B+~C) (6-1)

where Px is the power in dBm of the tone at frequency X.

This measure is a constant with varying power levels, as

long as the device is third order, so it can be used as a

property of the device. The subscript “eq” refers to the

use of the in-band tone A – B + C, rather than the usual

definition for A + B+ C in [10].

“I-tj compllk! this quaIltIly. we need lhc power fLM’ the

third-order chal-ges procfuccd by the voltage excitatmn

e(t)= Ecos(u~t+ O~)+Ecos(ti~t+O~ )

+ E COS (@ct + @c ) (6-2)

where E is the peak vohage amplitude, tiA, (h)B,tic are the

where

G, (tiA,UB,@c) = ~ G, (~~, ‘@B, @c) (6-’6’)
U.43—i’JB3ac

and the sum is over the six permutations of frequencies in

(6-4).

VII. COMPUTATIONAL RESULTS FOR THE ARUPT

JUNCTION VARACTOR UPCONVERTER

A computer program has been written for the abrupt

junction varactor which computes the Voltema kernels up

to order three according to the equations in Section V.

The program solves (5- 1), (5-2), and (5-4) in that order,

using results of (5-1) in (5-2) and so on.

The particular design parameters considered were fcr

an upconverter that might be used in a microwave radio

system used in the 6-GHz common carrier band fcn-

telephony, The parameters are given in Table 1. Questions

of interest were what terminations were particularly im-

portant for linearity for this converter, and how small

M3,~ might be made. Typical values of M3.~ for currently

used converters range from – 20 dB to – 30 dB.

Results are plotted in Fig. 2 and 3. In Fig. 2, each curve

is the ~~eq obtained by changing the termination noted

on the curve to the value on the abscissa, while all othm

terminations labelled “varied” on Table I were” open

circuited. For example, the curve labelled “bias circuit” in

Fig, 2 gives the M3eg obtained for a converter whose bias

circuit resistance was varied from 50 Q to 50 kfl while the

resistances seen by the lower sideband, the pump circuit,

the sum frequencies of the IF input, the sum frequencies
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–110

-90

M3eq, ~B

-70

–59

– 30

–lo

TABLE I
PARAMETERSFOR6-GHz UPCONVSRmR

QUANTITY m m

Diode capac,ta,nce 0,5 Plmf .r.ds
Pmp current 200 nnllimpers

B,.. “Olt.g. .0-. volt.

Input *ermlnat, o.*

UPPC, sideband (output ) +

05

.05
k>lohm
k.lohm

la.., s.deband “ar. ed kilohm.

Pump c,l’cult* var. ed k,lohm.

B,.. c.rcwt varied k.lohnm

S,...6 OIsdel’s above input var, ed k,lohms

second orders above upper s.deb.nd v.r, ed k.lohms

Seco”a orae,s below 10.WS, SIaehana v.r. ed k.lohm

Pump frequency 6

H.~hest frequency on input .080
LWWhert z
Fw.hertz

Lowest frequency on input 059 gqaheft :

Input frequency 1 .088 <Igahertz

Inplt frequency 2 Oi’b g,@lert z

Input l-requency 3 .060 g.pahel.tz

*The program automatically uses a conjugate match to the diode for
these ports.

BIAS CIRCUI1

, , I , 1 I , 1 , ,,, , 1 1 1 1 1181 e

.01 0.1 1;0 10

TERMINATION RESISTANCE, Kfi

Fig. 2. J43eq variations with terminations.

plus and minus the pump frequency, were all 105 kfl. Only

the real part was varied, although the program will handle

complex impedances. The figure shows that the bias

circuit is the most sensitive termination, followed by the

second-order termination above the input port; the lower

sideband had almost no effect on ikf~e~( > – 140) and is

not shown. The pump circuit impedance has minimal

effect. These results are interesting because to maintain

minimal gain shape across the output, it is customary to

use a broadband termination. These results show that this

results in a minimum penalty on intermodulation. Fig. 3

shows the effect of increased pumping with the bias

circuitry at 13 kil There is about a 12-dB improvement

for each additional two va~s of reactive pump power.

VIII. CONCLUSIONS

The time-varying Volterra series has been developed for

an upconverter as a two-terminal periodic nonlinearity

and the formulation applied to an abrupt junction varac-

tor upconverter. The results agree in a limiting case with

–70

-60

– 50

M3eq , dB

–40

–30

–20

100 300 500 700 960

PUMP CURRENT, ma

NOTE: BIAS CIRCUIT TERMINATION 13K.O_

Fig, 3. M3eq variation with pump current.

50

40

30

20

s)

previous work of Gardiner and Ghobrial. Specifically,

their equation 46 may be derived from the equations in

Section V by assuming all ports are open-circuited except

for the signal, pump, and output and letting b, ~, the

conversion elastance, tend toward zero. This last condi-

tion is equivalent to their assumption of very large pump

current and low gain. This highlights the generality of this

method, since all ports may have noninfinite terminations,
The example of the upconverter in Section VII shows

the importance of the terminations in achieving highly

linear operation. Figs. 2 and 3 show that to avoid large

pump powers and yet achieve Iinearities of – 30 dB or

better, the bias port termination and the termination for

the sum frequencies of the input should be in the tens of

kilohm range.
For the special case of the abrupt junction diode (n=

1/2), the results of Appendix I and Section V-C show that

only second-order intermodulation produces intermodula-

tion noise at the output. Furthermore, the results of Sec-

tion V-B show that these second-order sources are con-

trolled by the impedances at the second-order intermod-
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ulation frequencies (bias, pump, etc.), which are not USU- B. Diode Model

ally at signal frequencies. Thus, in theory, it is possible to The total junction charge is composed of three parts: a
reduce the intermodulation noise for this converter to constant charge due to the bias voltage and any additional
zero; however, as pointed out above, the impedance levels charge from pumping; the variable charge due to the
needed to achieve this situation at microwave frequencies pumping current;and the charge due to the signal cur-

are impractical.

Appendix I provides results to calculate time-varying
rents. Call these charges Q, qP, and q, respectively:

diode parameters for diffuse junction varactors (n # 1/2). ~~=Q+qp+q. (I-4)

Of course, additional terms would have to be included in From I. 1,

the equations of Section V. Gain compression can be qp(t)=A Cos apt (I-5)
calculated from these results by finding the value of the

third-order kernel for a single-frequency input. This term
A=~.

plus the linear term then give the total output and the gain tip

can be calculated directly. Likewise, intermodulation cur- Now expand (1-3)about thesignalcharge:

rent in the pump port due to the signal may be calculated

from the second-order kernel.
o(t)= f(qT:q=o)

APPENDIX I

COEFFICIENTS FOR PUMPED I%ODE

+ af (qT)

aqT 1 q f(q,) !72+”””q+m ~q=
(I-6)

~=o q=o

In this Appendix, a model for a varactor diode being =bo(t)+ b1(t)q+b2(t)q2+ . . . . (I-7)

pumped from a local oscillator source will be developed as The b’s are functions of Q and qp and so are functions of

a time-varying nonlinear capacitance. The development time because qP is; moreover, since qP(t) is periodic, so are

follows that of [11] with minor changes and holds for a the b’s and they may be expanded in Fourier series:

diode pumped nearly into conduction. The fully driven

case is important since the most linear operation occurs in be(i)= ~ bo. cos ntiPt. (1-8a)
that region. Results are given for coefficients up to the ~=o

third harmonic of the pump, well beyond those needed for
Generally,

the abrupt junction case, so that a more general diode

characteristic can be handled with appropriate changes in

(5-1)-(5-5).
b,(t) = ~ bti cosjtiPt. (1-8b)

,=0

A. Diode v-q Characteristic Knowledge of the coefficients in this series (bij) is then a

The pump current through the diode is known and is complete model for the diode. In the next two sections

>(t)= –lP sin tiPt (1.1) these coefficients will be found in terms of the static

parameters of the diode.
where tiP is the pump radian frequency,

1Pis the peak pump current. C. Coefficients in Terms of Peak Pump Amplitude and

It is assumed that the bias circuit resistance is much Fixed Charges

higher than the diode reactance at the pump frequency, so Rather than attempting to use the integral definition of
that all the pump current goes through the diode. the Fourier series representation on the partial derivatives

The diode capacitance is of (I-3), we expand the coefficients of (1-7) in power series

c (o) (the a, here are not the varistor coefficients off (2-2) of the

c (v)= (I-2) text):

()
1–:”

be(t)= V~+alqP–a2qj–a3q~– --- (I-9a)

where C(0) is the diode capacitance at zero volts, @ is the bl(t)=al –2a2qP–3a3q~– ~. . (1-9b)

contact potential, (usually less than 1), and n is a dimen-

sionless diode parameter. b2(t)=~
(

–2!a2–$a3qP–$adq~– .,.
)

(1-9c)

Integration yields, for the total diode voltage as a func-

tion of the total diode charge,
b,(t) =~(–3!a, –~a.qp–~a,qj– ,. .) (1-9d)

{ [ ‘:~yl’’(’-nl ~ “ “

o(t)=+ 1– l– where V~ is the diode voltage corresponding to diode

charge qB, the unpumped (qP = 0) bias point, and where

=f(%) (I-3)
we used the fact that

where o(t) is positive for conduction and qT is the total

junction charge.

abo[ qp ]

bl[%]= aqp
(1-10a)
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W[%J]
b2[up]; ~q

P

(1-10b)

and so on. The signs in the expansion for b. were chosen

for convenience,

The ai will be found in the next section. Powers of qp

may be expanded into harmonics of tip by using DeMoiv-

re’s theorem. Now coefficients for a given harmonic of tip

for each bi maybe collected. The final results for the b,j in

terms of A and ai are given in (I- 11)–(1- 14) for boj, blj, b2j,

and b~j, respectively.
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(1-14d)

(1-14e)

D. The a, in Terms of Static Parameters

Since qT is the sum of three charges, we have

af(qT)I af(qT, q = 0) I
.

aqr aqT
4=ojqp=o q,=o

abo(t)
.

aqp
=al. (1-15)

qp=o

Thus differentiating (I-3) and setting q and qp to zero

gives

41-(~m(’-n)=a(1-16)

Let C~ be the capacitance of the diode at voltage V~ with

no pumping or signal and let charge q~ be the charge at

V~ with no pumping or signal. Then using (I-2) in (1-16),

where

E=

1

“= C~E

~_ (l-n)qB

C$c(o)

(1-17)

/(l–n)

(1-18)

Using the factor E, the pumped diode parameters may be

expressed in terms of the more conveniently measured

unpumped parameters, Note that charges are negative for
negative voltage, so E <1. In particular, if q. is the charge

at zero bias,

‘[l-(:i~ln’(’-”)
(1-19)

(1-20)

from which (1-17) may be found directly. Successive dif-

ferentiations of (I-3) then give

11

“=~z
(1-21a)



SWERDLOW: ENTERMODULA’ITON NOIS13

n ~(1/n)-2

‘2= 2!(+– VB)C;
(1-21b)

rz(l-2rt) E(2/.)-3 (1-21c)
a3= 3!(+– VB)2C;

n(l –2rr)(2-3n) ~(3,~)_q
ad= (1-21d)

4!(+– VB )3cg

n(l –2rz)(2-3n)(3-4n) ~(A,~)_5
a~ = . (1-21e)

5!(@– VB )4C;

To determine E, let VO be the voltage corresponding to

charge Q on the diode. Then

~o=;J::’:(O ~~=&l (I-22)

for no signal charge. However, using (I-3), (I-2), and (1-18)

we have

“’=v~+(l-*)@’-v~) ‘1-23)

Using (I- 1la),

‘=(1-*)
(~– V.)+a2$

3456
+alTA +a6KA

35 * 63 ,0
+a8~A +aloRA .

Since E is usually close to 1, this equation

(I-24)

may be solved

iteratively for E using 1 as a starting value.

For the abrupt junction varactor, n = 1/2 and

a~ = O, k>3.

The equation for E can be solved directly and is

E=

ti”

(I-25)

The Fourier coefficients are then

b,, = V, bol = alA

blo=al bll= –2a2A.

b20= – a2

The coefficient b20 is the sole source of nonlinear be-

havior, but it cannot be eliminated without eliminating

the frequency conversion properties of the diode (bl, = O).

So we have, for the abrupt junction varactor,

v(t)= Vo+a# cos tiPt+alq

– 2a2Aq cos ~Pt – a2q2. (I-26)

The term in cos 2aP t is assumed filtered out. The

advantage of this formulation is that the nonlinear re-

sponse of the diode as a frequency changer may be
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calculated at any pumping level, including near maximum

loads where best linearity is achieved. For the special case

of the abrupt junction diode, the series terminates at the

second harmonic.

E. Units

A convenient, consistent set of units for upconverters

used between IF frequencies in the megahertz range to

microwaves is

potential: volts

charge: picocoulombs

current: milliamperes

capacitance: picofarads

frequency: gigahertz (gigaradians/second for

radian frequency)

time: nanoseconds.

These are used for quantities in the DATA statements for

the computer program, The calculations in the program

are independent of units selection.

From the expression for o =f(q):

Coefficient Dimensions

b,, volts

b,, elastance (inverse

capacitance)

b2i volts/(charge)2 or

elastance/charge

b3i volts/(charge)3 or

elastance/(charge)2

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]
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